Abstract-Legged locomotion has received increasing attention from the robotics community. Contacts stability plays a critical role in ensuring that robots do not fall and it is a key element of balancing and walking controllers. The Center of Pressure is a contact stability criterion that defines a point which must be kept strictly inside the support polygon in order to ensure postural stability. We introduce the concept of the sensitivity of the static center of pressure, roughly speaking the rate of change of the center of pressure with respect to the system equilibrium configurations, as an additional criterion to assess the robustness of the contact stability. We show how this new concept can be used as a metric to assess balancing controllers performance and we apply it to evaluate the performance of two different balancing controllers. The analytical analysis is performed on a simplified model and validated during balancing tasks on the iCub humanoid robot.
I. INTRODUCTION
In the last decades, legged robots have become increasingly more important. Climbing stairs, avoiding obstacles, and exploiting multiple contacts are only a few advantages that humanoid robots have over wheeled robots. These advantages have been the main motivations behind the attention they have received from the robotics community. Legged locomotion, on the other hand, arises interesting issues, which must be solved before humanoids can be successfully deployed in the human environment. Indeed, the recent DARPA Robotics Challenge has clearly highlighted these difficulties. Most of the failures during the trials were due to a not perfect balancing or walking. This paper introduces a new metric, called sensitivity of the static center of pressure, which can be used to analyse contacts stability.
Nowadays there exist two main methodologies to implement balancing and walking controllers on biped robots: the first class is based on simplified models [1] , [2] , [3] of the robot plus the use of inverse kinematics to match the simplified model to the full one [4] , [5] , [6] . The second class is based on the full dynamic model of the robot [7] , [8] , [9] , [10] and it has been successfully exploited for the synthesis of instantaneous controllers. A special attention is in controlling the interaction forces between the robot and the environment, e.g. the two feet in a balancing or walking scenario.
Given the complex nature of humanoid robots, researchers have progressively shifted from classic nonlinear control techniques to optimization-based solutions [11] , [12] , [13] , [14] . These optimization-based control techniques allow to specify, at a high level, the tasks to be accomplished by the robot and to transfer the responsibility of finding the solution to the underlining solver. One disadvantage of this process is that properties of the solution can be more difficult to find. If some properties have to be enforced, they can be specified by means of constraints or optimization criteria. But how this high-level criteria influence the solution is not trivial and must be analysed on a case-by-case basis.
Maintaining the support foot (or feet) stable is of paramount importance in the context of balancing and walking. As a result, various postural stability criteria analyzing the stance foot dynamics have been proposed in the robotics and human locomotion literature. These criteria focus on the force and torques exchanged at the groundfoot interface. The Ground projection of the Center of Mass (GCoM) can be applied if the robot dynamics is at equilibrium. This static criterion states that to assess the postural stability of the biped, the projection on the ground of the CoM must lie inside the convex hull of the support feet. The Center of Pressure (CoP), also known in the robotics community as Zero Moment Point (ZMP) [15] , [16] can be applied as soon as the static assumption is relaxed. The center of pressure, can be viewed as the point on the ground surface where the resultant of the normal forces acts. Because of the unilaterality of the normal component of the contact forces, by construction the center of pressure can lie only inside the support polygon. It is worth noting that the CoP coincides with the GCoM when the stationarity hypothesis is satisfied.
Finally, the Foot Rotation Indicator (FRI) point has been recently introduced [16] . When the foot does not rotate, the FRI point coincides with the CoP, and lies inside the support polygon. Differently than the CoP, the FRI can exit the support polygon, and this happens when the foot starts to rotate.
All the previously described postural stability criteria are not directly linked to a particular robot dynamical model or balancing controller implementation and thus they can be used for a multitude of control solutions. On the other hand, in order to ensure stable foot planting and postural stability of the whole robot one of these criteria must be taken into account during the synthesis of postural controllers.
In this work we introduce the concept of the sensitivity of the center of pressure: roughly speaking, it can be considered as the rate of change of the center of pressure with respect to the system equilibrium configuration. We show how this new concept can be used as a local measure to analyse the stability of a contact when the system is at equilibrium. This metric can also be used to evaluate the performances of different balancing controllers. Indeed, the center of pressure depends on the contact forces and torques, which in turn are generated by the internal joint torques. How the internal torques are chosen, highly depend on the applied balancing control law.
We evaluate the sensitivity of the static center of pressure to analyse the performance of two different balancing controllers. We choose to control the robot linear and angular momentum as control objective, assuming the contact forces and torques as virtual control inputs. Because the system is overdetermined in presence of more than one contact, the resulting force redundancy can be exploited in different ways [17] , [18] , [19] . In particular, we apply two different criteria for the choice of the redundancy, i.e. the minimization of the contact wrenches norm [7] , [14] , [18] and the minimization of the internal joint torques norm [20] . We model a planar four-bar linkage mechanism, which can be seen as an approximation of the lower body of a humanoid robot while balancing. We extend the analysis performed on the simplified model also on the iCub humanoid robot.
The paper is structured as follows. Section II introduces the dynamical model of a free floating mechanical system and the notation used throughout the paper and Section III describes the concept of sensitivity of static center of pressure. The sensitivity of the static center of pressure is applied first to a four-bar linkage model in Section IV and then to the iCub humanoid robot in Section V. Finally Section VI draws the conclusions.
II. BACKGROUND A. Notation
Throughout the paper we will use the following definitions:
• I denotes an inertial frame, with its z axis pointing against the gravity. We denote with g the gravitational constant.
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• ei ∈ R m is the canonical vector, consisting of all zeros but the i-th component which is one.
• Given two orientation frames A and B, and vectors of coordinates expressed in these orientation frames, i.e. A p and B p, respectively, the rotation matrix A RB is such that A p = A RB B p.
• 1n ∈ R n×n is the identity matrix of size n; 0m×n ∈ R m×n is the zero matrix of size m × n and 0n = 0n×1.
• We denote with S(x) ∈ R 3×3 the skew-symmetric matrix such that S(x)y = x×y, where × denotes the cross product operator in R 3 . If x = (x , 0) and y = (y , 0) , with x, y ∈ R 2 one has S(x)y = −x Sye3, with S = 0 −1 1 0 .
B. System modelling
We assume that the robot is composed of n+1 rigid bodies -called links -connected by n joints with one degree of freedom each. In addition, we also assume that the multi-body system is free floating, i.e. none of the links has an a priori constant pose with respect to the inertial frame. This implies that the multi-body system possesses n + 6 degrees of freedom. The configuration space of the multi-body system can then be characterized by the position and the orientation of a frame attached to a robot's link -called base frame B -and the joint configurations. More precisely, the robot configuration space is defined by
An element of the set Q is then a triplet q = ( I pB, I RB, qj), where ( I pB, I RB) denotes the origin and orientation of the base frame expressed in the inertial frame, and qj denotes the joint angles. The velocity of the multi-body system can then be characterized by the algebra V of Q defined by:
I ωB,qj), where I ωB is the angular velocity of the base frame expressed w.r.t. the inertial frame, i.e. We also assume that the robot is interacting with the environment through nc distinct contacts. Applying the Euler-Poincaré formalism [21, Ch. 13.5] 1 to the multi-body system yields the following equations of motion:
where M ∈ R n+6×n+6 is the mass matrix, C ∈ R n+6×n+6 is the Coriolis matrix, G ∈ R n+6 is the gravity term, B = (0n×6, 1n) is a selector matrix, τ are the internal actuation torques, and f k denotes an external wrench applied by the environment on the link of the k-th contact. We assume that the application point of the external wrench is associated with a frame C k , which is attached to the robot's link where the wrench acts on, and has its z axis pointing as the normal of the contact plane. Then, the external wrench f k is expressed in a frame whose orientation coincides with that of the inertial frame I, but whose origin is the origin of C k , i.e. the application point of the external wrench f k . The Jacobian J k = J k (q) is the map between the robot's velocity ν and the linear and angular velocity
1 The Euler-Lagrange's formulation can be applied only to mechanical systems evolving in vector spaces. The Euler-Poincaré equations, instead, are valid for mechanical systems evolving in arbitrary Lie groups. The Jacobian has the following structure.
Lastly, we assume that rigid contacts may occur between the robot and the environment. The constraint associated with the rigid contact is modelled as a kinematic constraint that forbids any motion of the frame C k , i.e. JC k (q)ν = 0.
III. SENSITIVITY OF THE STATIC CENTER-OF-PRESSURE
This section discusses a property of any center of pressure associated with rigid, flat contacts and quasi-static robot's configurations. We shall see in Section IV that this property -called static center of pressure sensitivity -can be used as an element of evaluation of balancing controllers for humanoids.
A. The sensitivity of the static center of pressure in a case study: the four-bar linkage case
To provide the reader with an introduction to the sensitivity of the static center of pressure, let us focus on Figure 1 . This picture depicts a four-bar linkage standing on two flat, rigid contacts. In this configuration, the mechanical system possesses one degree of freedom, i.e. the variable ξ, which represents the minimal coordinate of the constrained mechanical system. At the equilibrium configuration, the system is hyperstatic because the equilibrium conditions of the Newton-Euler equations are not sufficient to determine all the internal forces -including the joint torques τ . Since the joint torques are assumed to be a control input, however, one can assume that their value is given, with the only requirement that the system remains at the equilibrium configuration.
Assume that the joint torques depend only on the minimal coordinate ξ. Then, the center of pressures at each static robot configuration, i.e.ξ = 0, depend only on the minimal coordinate ξ. This poses the following interesting question.
What is the rate-of-change of the center of pressures over the quasi-static constrained robot's motion? Different control laws for balancing the four-bar linkage may be associated with different rate-of-changes of the static center of pressure over the constrained robot's motion. Clearly, the higher this rate-of-change, the higher the likelihood to hit the boundaries of the support polygon of the foot, which causes breaking the associated contact and, eventually, a fall of the robot. The above rate-of-change of the center of pressure is what we call static center of pressure sensitivity, and the following generalizes this concept to any multibody system constrained by some rigid, flat contacts.
B. The formal definition
Assume that the robot makes nc rigid contacts with the environment, and that no external wrenches act on the robot other than gravity and contact wrenches. Let J denote the Jacobian obtained by stacking all contact Jacobians JC k , i.e.
with k = 6nc. Consequently, all rigid contacts imply the following constraint on the floating base system (??):
the time derivative of which is given bẏ
By combining the above constraint with Eq. (??) and by defining f := (f 1 , . . . , f nc ) , one can find the explicit expression of all contact forces, i.e.
The hidden assumption for the above equality to hold is that J is full row rank. Once the obtained expression of f is substituted into Eq. (??), one obtains the following equations of motion:
Evaluating Eq. (6) at the equilibrium condition (ν,ν) = (0, 0) yields
Eq. (7) defines the values that the joint torques must take to satisfy the equilibrium condition (ν,ν) = (0, 0). Then, we make the following assumption.
Assumption 1. The holonomic constraints due to contacts restrain the configuration space Q into the set R n+6−k , i.e. there exists a mapping χ :
Furthermore, the joint torques τ at the equilibrium configuration (ν,ν) = (0, 0) depend only on the robot constrained configuration space, i.e. τ = τ (ξ).
In view of the above assumption, the contact wrenches at the equilibrium configuration, i.e.
depend only on the robot constrained motion, i.e. f e = f e (ξ). In light of the above, we can now define the static center of pressure sensitivity as follows. (10)
The static center of pressure sensitivity ηj is defined as the rate-ofchange of (10) over the constrained robot motion, i.e.
In general, the static center of pressure sensitivity is a matrix belonging to R 2×n+6−k , and characterizes how fast the center of pressure associated with a rigid, planar contact moves depending on the constrained robot's motion. This sensitivity may then characterize "the stability" of a contact associated with a robot's configuration. Of particular importance are the cases when the sensitivity ηj tends to infinity. Clearly, these configurations must be avoided by any controller associated with the robot, since they may cause abrupt system's responses and, eventually, a robot fall. 
IV. THE SENSITIVITY FOR ASSESSING BALANCING CONTROLLERS PERFORMANCE: THE FOUR-BAR LINKAGE CASE STUDY
This section studies how the sensitivity of the static center of pressure may vary depending on how the actual balancing controller generates the contact wrenches. We decide to perform the analytical analysis on a four-bar linkage when standing on two, flat, rigid contacts. As the experimental results in Section V show, the chosen case study is representative of a humanoid robot standing on two feet. More precisely what follows shows that minimizing the joint torques when the Newton-Euler equations are at the equilibrium can bring benefits in terms of the static center of pressure sensitivity, thus improving the stability of the contact.
A. Modelling
Consider the four-bar linkage shown in Figure 2 , where l and d denote the lengths of the leg and of the upper rod, respectively. The inertial frame I is chosen so as the y axis opposes gravity, the z axis exits from the plane, and the x axis completes the right-hand base. Being a planar model, only translations in the x − y plane and rotations about the z axis are allowed. Let I pB ∈ R 2 denote the position of the origin of the frame B -which is located at the center of the upper rod-expressed in the inertial frame. The configuration space is then parametrized by the following coordinates
Being a vector space, we use the Lagrange formalism to derive the equations of motion with the assumption that any link composing the four-bar linkage can be approximated as a point-mass located at the center of the link. In addition, we also assume that the mass of the left leg equals the mass of the right leg. Due to the lack of space, 
Let sin(qi) = si and cos(qi) = ci. One can verify that
where m l is the mass of either leg. The feet Jacobians are given by the following expression
To represent a classical balancing context of humanoid robots, we assume that the mechanism makes contact with the environment at the two extremities. Also, we assume that the distance between the contacts equals the length d of the upper rod -see Figure 1 . Then, the rigid constraint acting on the system takes the form (4), with J = J C L J C R ∈ R 6×7 , and ν =q. The associated contact wrenches are f = (fL, fR) ∈ R 6 . As a consequence of these constraints, the mechanism possesses one degree of freedom when standing on the extremities.
With the aim of evaluating the sensitivity of the static center of pressure we define the minimal coordinate ξ as the angle between the upper rod and one of the legs (see Figure 1) . Observe that the mapping q = χ(ξ) in (8) is given by:
B. Two balancing controllers induce different contact wrenches
Remark that in order to evaluate the sensitivity of the static center of pressure, we need an expression for the contact forces at the equilibrium configuration -see Definition 1. What follows proposes an analysis of the sensitivity of the static center of pressures evaluated with contact wrenches obtained from two criteria.
1) The contact wrenches ensure the equilibrium of the centroidal dynamics written in the plane. The three dimensional redundancy of the contact wrenches minimizes the norm of the contact wrenches 2 |f |.
2) The contact wrenches ensure the equilibrium of the centroidal dynamics. The three dimensional redundancy of the contact wrenches minimizes the norm of the joint torques |τ |.
The following lemma presents the results when the first criterion is applied. Lemma 1. If the contact wrenches redundancy is chosen so as to minimize the norm of the contact wrenches, i.e. criterion 1), then the resulting contact wrenches are given by the following expression:
(14) Furthermore, the sensitivity of the static center of pressure is given by:
The proof is in the Appendix. It is worth noting that if d is small, e.g. the distance between the two feet is smaller than one meter, then Eq. (??) points out that one has an almost constant vertical force -approximately equal to mg/2 -independently of ξ, i.e. independently of the center-of-mass position. Figure 3a shows the static CoP of the left and right foot in correspondence of the CoM motion. We can notice how SCoPL and SCoPR moves together with the CoM leading to the breakage of the contact.
We are now left to show the contact wrenches and the static center of pressures resulting from the application of the second criterion, i.e. the minimization of the internal joint torque norm. The following lemma presents the results. Lemma 2. If the contact wrenches redundancy is chosen to minimize the norm of the internal joints torque, i.e. criterion 2), the resulting contact wrenches are given by the following equations.
2 It is worth noting that the norm of a wrench is not well defined and highly dependent on the metric chosen. Nevertheless, the minimisation of the contact wrench norm is something extensively done in literature and it has been used in the manuscript only for comparison purposes. 
The proof is in the Appendix. Differently from the previous solutions, with this second criterion the vertical components of the contact forces do change with the variable ξ. In particular, when the center of mass of the system is on top of one of the feet, the corresponding vertical force is equal to mg, i.e. the foot supports the whole weight. As a consequence, the force on the other foot is null.
The behaviour of the static centers of pressure can be observed in Figure 3b . Interestingly, while the solution exhibits more "flat" CoPs around the centered position and on the support foot, we can notice a divergent behaviour around ±18 [deg] . This is due to the behaviour of the vertical components of the force previously described, i.e. to the fact that with this solution, the force on one foot goes to zero as the weight is moved toward the other foot.
It is worth noting that the center of pressure showing the divergent behaviour is the one of the non-supporting foot. Furthermore, it is common in real applications to introduce inequality constraints on the CoPs. Figure 4 shows the effects of the inequalities on the application of the second criterion. As expected the static CoPs are limited to remain inside the boundaries of the support polygon of the foot.
We can compare the static centers of pressure for the two different force solution applied to the system by considering the expression of their sensitivity presented in Eq. (??) and (??). Figure 5 shows a comparison between the right foot static center of pressure, while Figure 6 shows the norm of the sensitivity. It is possible to notice that the second criterion, i.e. the minimum joint torques norm solution, provides less sensitive solutions in the initial, symmetrical configuration. Furthermore, the sensitivity drastically decreases when the foot is increasingly supporting all the weight.
Remark: A criterion similar to the minimization of the norm of the contact wrenches which is sometimes found in literature is the minimization of the tangential components of the forces [10] . The following lemma states the equivalence of the two solutions when planar contacts are considered. The proof can be found in the Appendix.
Lemma 3. The solution which exploits the force redundancy to minimize the tangential component of the contact wrenches is equivalent to the minimum contact wrenches norm solution (Lemma 1).
V. EXPERIMENTS
In this section, we validate the analysis performed on the fourbar linkage model on the full iCub humanoid robot. We apply the same principles stated in criterion 1) and 2) in Section IV-B. We choose the control torques by inverting (??) to obtain an expression for τ . We also add feedback correction terms to track a desired CoM trajectory. In the experiments we moved the robot with very low velocity so as to simulate the quasi-static scenario from the initial, symmetric configuration to the configuration where the CoM lies on the left foot frame origin. Note also that in this case the static center of pressure can be approximated with the real center of pressure.
Our test platform is the iCub robot, a state-of-the-art 53 degrees of freedom humanoid robot [22] . For the purpose of the present experiment we consider only the principal 23 degrees of freedom, located in the legs, torso and upper arms. These degrees of freedom are supplied of a low level torque control which runs at 1kHz which is responsible of stabilizing desired joint torque references. As a comparison with the simplified model, the hips are about 50cm high and the feet are kept, during the experiments, at about 14cm of distance between each other. To measure the contact forces with the ground, a total of six six-axes force torque sensors are positioned at each ankle, hip and shoulder.
We first tested the minimum wrenches norm solution, i.e. criterion 1). As we showed in the analysis we expect that the vertical components of the forces do not change so much from the half weight of the robot. This is confirmed also on the real robot. As we can see in Figure 7a the forces start symmetrical. When the CoP starts moving toward the left foot we notice that both the forces changes of a limited quantity.
We then tested criterion 2), i.e. we exploited the redundancy of the forces to optimize for the joint torques. Figure 7b shows the forces during the experiment, while Figure 8a shows the CoPs for the left and right feet together with the CoM during the experiment. We can notice that at t = 4s the CoP of the right foot exits from the support of the foot.
Finally we added the CoPs and the friction cones inequality constraints and we solve the optimization problem by means of a QP solver. Figure 8b shows the CoPs during the robot motion. We can observe that the solver manages to limit the CoP inside the foot limit. Forces are similar to the ones in Figure 7b and are thus not reported.
We finally compare the CoPs of the right foot when we apply the minimum wrenches norm solution and the minimum torque solution, and the results are plotted in Figure 9 . We also plotted in dashed the sensitivity of the two solutions. Also on the real robot, the sensitivity of the solution with f0 = 0 is greater than the other one.
VI. CONCLUSIONS
In this paper we introduced the concept of static center of pressure sensitivity as an additional tool to analyse and evaluate the stability of a contact and to benchmark the performance of balancing controllers. We first performed our analysis on a planar four-bar linkage, which approximates the lower body of a biped robot when balancing. Subsequently, we verified the analysis on the full iCub humanoid robot, obtaining similar results, thus proving the power of the approximate model. The effect on the stability of the contacts of two different choices of contact forces are then shown and compared.
The analysis we performed, both analytically and numerically, shows how different criteria implies very different properties on the contact wrenches, and in turn, on the resulting center of pressures. In particular the wrenches obtained by minimizing the internal joint torques produces a lower sensitivity w.r.t. the minimum wrench norm solution.
During the analysis we noticed an additional, interesting property of the solution which minimizes the joint torques. Differently from the other solution, the vertical components of the contact force on one foot tends to zero when the center of mass of the robot moves toward the opposite foot. While a proper theoretical analysis should be put into effort, this solution can help minimize discontinuities due to a change of the contact set.
APPENDIX

A. Proof of Lemma 1
Consider the equilibrium condition of the centroidal dynamics [23] of the mechanism, i.e. the balance of the external wrenches acting on the mechanism when written w.r.t. a frame centered in the center of mass and with the orientation of the inertial frame. where mge2 is the wrench due to gravity and X := XL XR ,
and ρ = ρ l ρr ∈ R 2 the vectors connecting the center of mass to the left and right feet frames respectively, see Figure 1 .
Since X ∈ R 3×6 by construction is always full row rank, (??) admits infinite solutions, i.e.
where X † ∈ R 6×3 is the Moore-Penrose pseudoinverse of X, N f ∈ R 6×6 is the projector onto the nullspace of X and f0 ∈ R 6 is a free variable. The unique minimum norm solution corresponds to the choice f0 = 0. The actual expression of the contact wrenches are thus the ones given in Eq. (??).
The center of pressure in the planar case possesses only one coordinate, which is given by the following expressions To evaluate the static center of pressure sensitivity, we can differentiate the above expression w.r.t ξ, that is
B. Proof of Lemma 2
Consider the balance of the external wrenches acting on an articulated rigid body in the general 3D case:
where XL, XR ∈ R 6×6 are used to express the wrenches respectively in L and R at the frame located at center of mass with the orientation of the inertial frame. Impose the following expression for the contact wrenches:
where ∆ ∈ R 6 is a free variable. We can notice that with the above choice, (??) is always satisfied independently of the choice of ∆. In what follows, the redundancy ∆ is used to minimize the joint torques. To simplify the calculations we perform a state transformation as described in [24] . In particular, the dynamics in the new state variables is decoupled in the acceleration, i.e. the mass matrix is block diagonal, with the two blocks being the terms relative to the base and the joints. We refer the reader to [24] for additional details, and we report here only the relevant transformations. To avoid confusion, all the dynamic quantities in the new state variables are denoted with the overline.
The new base frame is chosen to correspond to a frame with the same orientation of the inertial frame I and the origin instantaneously located at the center of mass. We denote with c XB the corresponding 6D transformation. Of particular interest is the form of the Jacobian of the left (right) foot frame L (R) in the new state variables:
Λ := 16 − P (16 + c X −1
B . P has the following expression:
where I is the 3D inertia of the robot expressed w.r.t. the orientation of I and the center of mass as origin and pCoM − pB is the distance between the center of mass and the base frame before the state transformation.
The relation between the joint torques and the contact wrenches is given by Eq. (9) . So, by inverting this relation, we evaluate the effects of the contact wrenches redundancy ∆ on the joint torques at the equilibrium configuration, i.e.
We can now substitute the definition of f as in (??) into the obtained expression of τ = τ (f ) in (??), i.e.
Now, it is easy to verify that
Observe also that P e3 = 03×3 −S(r) 03×3 I m − 13 e3 = 06 ⇒ Λ e3 = 16.
Then (24) becomes
If we consider the four-bar linkage planar model, we can notice that the number of rows of Jj are greater than the DoFs of the system and thus the product of the first two terms simplifies into the identity matrix. As a consequence, the vector ∆ that minimizes the joint torques is given by:
which, by using the actual expression for the Jacobians, boils down to 
To obtain the expression of the sensitivity of the static center of pressure we can differentiate Eq. (??) w.r.t ξ, finally obtaining ηL = ∂ SCoPL ∂ξ = − 45d 2 l sin(ξ) (10d + 3l cos(ξ)) 2 ηR = ∂ SCoPR ∂ξ = − 45d 2 l sin(ξ) (10d − 3l cos(ξ)) 2 .
C. Proof of Lemma 3
Consider Eq. (??). We want to use f0 to minimize the tangential component of the contact wrenches, i.e. we want find the solution to e 1 e 4 f = 0 ⇐⇒ e 1 e 4 N f f0 + e 1 e 4 X † mge2 = 0.
Because of the expression of the nullspace projector and of the pseudoinverse, the above equation reduces to 
